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Abstract
The first-order formulation of the G/K symmetric space sigma
model of the scalar cosets of the supergravity theories is discussed
when there is coupling of (m−1)-form matter fields. The Lie superal-
gebra which enables the dualized coset formulation is constructed for
a general scalar coset G/K with matter coupling where G is a non-
compact real form of a semi-simple Lie group and K is its maximal
compact subgroup.
1
1 Introduction
The non-linear nature of the scalar sectors of the maximal supergravities has
been enlarged to formulate the non-gravitational bosonic field equations as
non-linear realizations in [1, 2]. The coset formulation of the scalars is im-
proved to cover the other bosonic fields as well. The method of [1, 2] includes
the dualisation of the field content and the construction of a Lie superalgebra
which generates the doubled coset element whose Cartan form would lead to
the original field equations by satisfying the Cartan-Maurer equation. After
the determination of the algebra structure it is possible to express the first-
order field equations as a twisted self-duality condition which the dualized
Cartan form satisfies. In [3, 4, 5] a more general coset formulation of the
IIA [6, 7, 8], the IIB [9, 10, 11] and the D=11 [12] supergravity theories is
introduced to include the gravity as well.
The scalar sectors of a wide class of supergravities, in particular the scalar
sectors of all the pure and the matter coupled N > 2 extended supergravities
inD = 4, 5, 6, 7, 8, 9 dimensions as well as the maximally extended supergrav-
ities in D ≤ 11 can be formulated as symmetric space sigma models. The
global symmetry groups G of the scalar also the bosonic sectors of the lower
dimensional Kaluza-Klein descendant supergravities of the D=11 supergrav-
ity (the maximal supergravities) are semi-simple split real forms (maximally
non-compact). For this reason the scalar coset manifolds G/K where K
is the maximal compact subgroup of G are Riemannian globally symmetric
spaces [13] and they can be parameterized by the Borel subalgebra of G.
In general, especially for the matter coupled supergravities, the scalar coset
manifolds G/K are based on non-split 1 global symmetry groups G. In this
case one has to use the solvable Lie algebra gauge [14] to parameterize the
Riemannian globally symmetric space scalar coset manifold G/K.
In [15] the G/K symmetric space sigma model is discussed in detail when
the global symmetry group G is in general, a non-compact semi-simple real
form. The dualisation and the first-order formulation of the general non-
split symmetric space sigma model is also performed in [15]. In this work
we consider the coupling of other fields to the scalar coset Lagrangian of the
general non-split G/K symmetric space sigma model. We will perform the
complete dualisation of the fields and the first-order formulation when there
1By non-split we mean that G is a non-compact real form of a semi-simple Lie group
but it is not necessarily maximally non-compact (split).
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is coupling of other (m− 1)-form matter fields to the scalar coset G/K. We
will construct the dualized coset element which will realize the field equa-
tions of the scalar coset which is coupled to the (m − 1)-form fields. We
will assume the most general non-split scalar coset case which is discussed
in [15, 16, 17]. Beside the scalar fields there will be a number of m-form
field strengths whose number is fixed by the dimension of the fundamental
representation of the Lie algebra g0 of G. As it will be clear in the next
section the dimension of the representation and the number of the coupling
fields must be the same so that the coupling kinetic term between the scalar
coset and the matter fields in the lagrangian can be constructed within an
appropriate representation of the global symmetry group G [16, 17]. We will
follow the standard dualisation method of [1, 2] by introducing auxiliary dual
fields and by assigning generators to the original and the dual fields. The first
objective of this work will be to derive the Lie superalgebra structure which
generates the doubled coset element. The first-order formulation will then be
presented as a twisted self-duality equation [1, 2] by using the derived algebra
structure and by calculating explicitly the doubled field strength. The dual-
isation method presented in [1, 2] is the non-linear realization of the relative
supergravity theory, it is also another manifestation of the Lagrange multi-
plier methods in which the dual fields correspond to the Lagrange multipliers
which are introduced to construct the Bianchi Lagrangians. For this reason
the Cartan form which is generated by the dualized coset element, not only
realizes the original second-order field equations of the matter coupled scalar
coset by satisfying the Cartan-Maurer equation but also yields the first-order
field equations via a twisted self-duality equation [1, 2, 15]. This first-order
formulation corresponds to the construction of the dualized Lagrangian by
adding the Bianchi terms to the Lagrangian of the original fields and con-
sequently to the derivation of the first-order algebraic field equations of the
original fields in terms of the Lagrange multiplier (dual) fields [18].
We start by discussing the Lagrangian and deriving the field equations in
Section two. In Section three we work out the dualisation and we construct
the algebraic structure which realizes the field equations and finally we obtain
the first-order field equations.
3
2 The Symmetric Space Sigma Model and
the Couplings
The scalar sectors of a wide class of supergravity theories are formulated
as G/K symmetric space sigma models [1, 2, 16, 17]. The group G is the
global symmetry group of the corresponding scalar Lagrangian and it is a
non-compact real form of a semi-simple Lie group. The local symmetry
group K is the maximal compact subgroup of G. The coset space G/K
is a Riemannian globally symmetric space for all the possible G-invariant
Riemannian structures on G/K [13]. There is a legitimate parametrization
of the coset representatives by using the solvable Lie algebra of G [13, 14].
If hk is the subalgebra of the Cartan subalgebra h0 of g0 (the Lie algebra
of G) which generates the maximal R-split torus in G [13, 14, 15, 16] let for
i = 1, ..., r {Hi} be the generators of hk and also let {Em} be the subset
of the positive root generators of g0 such that m ∈ ∆
+
nc. The roots in ∆
+
nc
are the non-compact roots with respect to the Cartan involution θ which is
induced by the Cartan decomposition
g0 = k0 ⊕ u0, (2.1)
where k0 is the Lie algebra of K and u0 is a vector subspace of g0 [13, 15].
The positive root generators {Em} generate a nilpotent Lie subalgebra nk
of g0 [16]. The coset representatives of G/K which are the image points of
the map from the D-dimensional spacetime (we assume D> 2 in order that
the dualisation analysis of the next section would be meaningful and we will
take the signature of the spacetime as (−,+,+, ...) ) into the group G can
be expressed as
ν(x) = e
1
2
φi(x)Hieχ
m(x)Em . (2.2)
This is called the solvable Lie algebra parametrization [14]. We should state
that we make use of the Iwasawa decomposition
g0 = k0 ⊕ s0
= k0 ⊕ hk ⊕ nk, (2.3)
where s0 is the solvable Lie subalgebra of g0 which is isomorphic to u0 as a
vector space [13, 15]. The difeomorphism from u0 onto the Riemannian glob-
ally symmetric space G/K [13] enables the construction of the parametriza-
tion in (2.2).
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An involutive automorphism θ ∈ Aut(g0) of a semi-simple real Lie alge-
bra g0 is called a Cartan involution if the induced bilinear form Bθ(X, Y ) =
−B(X, θ(Y )) where B is the Killing form on g0 is strictly positive definite
∀X, Y ∈ g0. If the semi-simple complex Lie algebra g = g
C
0 is the complexi-
fication of g0 then the set of elements t of g which is generated as
t = k0 + iu0, (2.4)
through the complexification of g0, is a compact real form of g whose con-
jugation will be denoted by τ . We should bear in mind that g0 has the set
equivalent images in g = gC0 whose realizations in g0 × g0 are isomorphic to
g0. In this way k0 and u0 can be considered as subsets of g and then t which
is a subset of g is also a subset of one of the images of g0 in g. Thus under the
realization of g, tR corresponds to a subalgebra of g0. The real semi-simple
Lie algebra g0 is also a real form of its complexification g so that we may
define σ as the conjugation of g with respect to g0. The map θ = σ · τ = τ ·σ
is an involutive automorphism of g. In fact θ is a Cartan involution of g. The
R-linear restriction of θ on the image of g0 in g induces a Cartan involution
on g0 which we will again denote by θ. After the introduction of the Cartan
involution θ we can easily define the roots in ∆+nc. For each element α ∈ h
∗
0
the dual space of the Cartan subalgebra h0 of g0 we can define the element
αθ ∈ h∗0 such that α
θ(H) = α(θ(H)), ∀H ∈ h0. If α ∈ ∆ then α
θ ∈ ∆ as
well. Thus we have defined
∆+nc = {α | α ∈ ∆
+, α 6= αθ}. (2.5)
The scalar Lagrangian is defined in terms of the internal metric M =ν#ν
where we have introduced the generalized transpose # which is over the
Lie group G such that (exp(g))# = exp(g#) ∀g ∈ g0. It is induced by the
Cartan involution θ over the Lie algebra g0 of G (g
# = −θ(g)) [1, 17, 15].
Thus in terms of the internal metric M the globally G-invariant and the
locally K-invariant scalar Lagrangian [1, 2] is
Lscalar =
1
4
tr(dM−1 ∧ ∗dM). (2.6)
The G/K symmetric space sigma model is studied in detail in [15]. Thus
referring to [15] we can calculate the Cartan form G0 = dνν
−1 generated by
the map (2.2) as
G0 =
1
2
dφiHi +
⇀
E′ Ω
⇀
dχ. (2.7)
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We have used that [Hi, Eα] = αiEα. The row vector
⇀
E′ has the components
(
⇀
E′)α = e
1
2
αiφ
i
Eα. The column vector
⇀
dχ is (dχα). We have also defined the
matrix Ω as
Ω =
∞∑
n=0
ωn
(n+ 1)!
= (eω − I)ω−1
(2.8)
where ωγβ = χ
αKγαβ with the structure constants K
γ
αβ defined as [Eα, Eβ] =
Kγαβ Eγ. Here both Ω and ω are n×n matrices where n is the number of the
roots in ∆+nc [15].
We will consider the coupling of (m−1)-form potential fields {Al} to the
G/K scalar coset where the number of the coupling fields is determined such
that they form a fundamental representation of g0. The quadratic terms due
to this coupling which must be added to the scalar Lagrangian (2.6) are the
combinations of the internal metric M and the field strengths F l = dAl
Lm = −
1
2
MklF
k ∧ ∗F l
= −
1
2
F ∧M ∗ F.
(2.9)
As it is clear from above M and ν are in an appropriate representation (i.e.
fundamental representation of g0) which is compatible with the number of
the coupling fields. Thus the total Lagrangian becomes
L =
1
4
tr(dM−1 ∧ ∗dM)−
1
2
F ∧M ∗ F. (2.10)
The Cartan involution θ induced by the Cartan decomposition (2.1) is an
involutive automorphism of g0 for this reason it has two eigenspaces θ
+,
θ− with eigenvalues ±1. The Cartan involution θ induces the eigenspace
decomposition of the Lie algebra g0 as
g0 = θ
+ ⊕ θ−. (2.11)
The elements of θ+ are called compact while the elements of θ− are called
non-compact. If the subgroup of G generated by the compact generators is
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an orthogonal group then in the fundamental representation the generators
can be chosen such that g# = gT . Therefore # coincides with the ordinary
matrix transpose and M becomes a symmetric matrix in the representation
we choose. We will assume this case in our further analysis bearing in mind
that for the general case higher dimensional representations are possible in
which we can still take g# = gT [17].
By following the analysis of [15, 16, 17] and by using (2.7) we can derive
the field equations for the coupling potentials {Ak}, the axions {χm} and
the dilatons {φi} of the Lagrangian (2.10). Thus the corresponding field
equations are
d(Mkl ∗ F
l) = 0,
d(e
1
2
γiφ
i
∗ Uγ) = −
1
2
γje
1
2
γiφ
i
dφj ∧ ∗Uγ
+
∑
α−β=−γ
e
1
2
αiφ
i
e
1
2
βiφ
i
Nα,−βU
α ∧ ∗Uβ,
d(∗dφi) =
1
2
∑
α∈∆+nc
αie
1
2
αiφ
i
Uα ∧ e
1
2
αiφ
i
∗ Uα
+ (−1)D+1
1
2
((Hi)nlν
n
mν
l
j)F
j ∧ ∗Fm
(2.12)
where i, j = 1, ..., r and α, β, γ ∈ ∆+nc. The roots in ∆
+
nc and their correspond-
ing generators {Em} are assumed to be enumerated. We have also defined
the vector Uα = Ωαβ dχ
β. Furthermore the matrices {(Hi)nl} are the repre-
sentatives of the Cartan generators {Hi} under the representation chosen.
We use the notation [Eα, Eβ] = Nα,βEα+β . We should remark that in the
dilaton equation in (2.12) the contribution from the coupling fields {Ak} is
expressed in terms of the original fields rather than their weight expansions
unlike the expressions in [16, 17]. For notational convenience we raise or
lower the indices of the matrices by using an Euclidean metric.
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3 Dualisation and the First-Order Formula-
tion
In this section we will adopt the method of [1, 2] to establish a coset formu-
lation and to derive the first-order field equations for the lagrangian (2.10).
Basically we will improve the analysis presented for the non-split scalar coset
in [15] to the case when there is matter field coupling to the non-split scalar
coset. We will first define a Lie superalgebra which will realize the dou-
bled coset element. We assign the generators {Hi, Em, Vj} to the fields
{φi, χm, Aj} respectively. We assume that {Hi, Em} are even generators
within the superalgebra structure since the coupling fields are scalars and
they have even rank. The generators {Vj} are even or odd whether the rank
of the coupling fields {Aj} namely (m− 1) is even or odd. The next step is
to introduce the dual fields {φ˜i, χ˜m, A˜j} which would arise as a result of the
local integration of the field equations (2.12). The first two are (D−2)-forms
and the last ones are (D−m− 1)-forms. We also assign the dual generators
{H˜i, E˜m, V˜j} to these dual fields respectively. The dual generators are even
or odd depending on D and m in other words according to the rank of the
dual fields they are assigned to. We will derive the structure of the Lie super-
algebra generated by the original and the dual generators we have introduced
so that it will enable a coset formulation for the lagrangian (2.10). Similar
to the non-linear coset structure of the scalars presented in the last section
we can define the map
ν ′ = e
1
2
φiHieχ
mEmeA
jVjeA˜
j V˜jeχ˜
mE˜me
1
2
φ˜iH˜i , (3.1)
which can be considered as the parametrization of a coset via the differential
graded algebra [2] generated by the differential forms on the D-dimensional
spacetime and the Lie superalgebra of the original and the dual generators
we propose. We are not intending to detect the group theoretical structure
of this coset, rather we will only aim to construct the Lie superalgebra of
the original and the dual generators which function in the parametrization
(3.1). If one knows the structure constants of this algebra one can calculate
the Cartan form G ′ = dν ′ν ′−1 which is induced by the map (3.1). Due to its
definition the Cartan form G ′ obeys the Cartan-Maurer equation
dG ′ − G ′ ∧ G ′ = 0. (3.2)
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By following the outline of [1, 2] the structure constants of the Lie superal-
gebra will be chosen so that when we calculate the Cartan form G ′ it will
lead us to the second-order field equations (2.12) via the identity (3.2) and
it will satisfy the twisted self-duality equation ∗G ′ = SG ′ where the action of
the pseudo-involution S [2] on the generators is taken as
SHi = H˜i , SEm = E˜m , SE˜m = (−1)
DEm , SH˜i = (−1)
DHi,
SVj = V˜j , SV˜j = (−1)
m(D−m)+1Vj . (3.3)
We know that the twisted self-duality equation will give us the locally
integrated first-order field equations which can be obtained from (2.12) by
extracting an overall exterior derivative operator on both sides of the equa-
tions [1, 2, 15, 18]. This local integration produces auxiliary fields which
are the dual fields we introduce. The dualisation method is nothing but an-
other manifestation of the Lagrange multiplier method while the dual fields
correspond to the Lagrange multiplier fields which are introduced to con-
struct the Lagrange multiplier Lagrangian terms of the Bianchi identities
of the original field strengths [18]. We may first calculate the Cartan form
G ′ = dν ′ν ′−1 from the map (3.1) in terms of the unknown structure constants
of the Lie superalgebra of the original and the dual generators. We intend to
construct an algebraic structure so that the Cartan form satisfies the twisted
self-duality equation ∗G ′ = SG ′. In a sense the twisted self-duality equation
would correspond to the equation of motion of the dualized Lagrangian [2].
At this stage we will assume that the Lie superalgebra of the original and
the dual generators has a general structure in which the commutator or the
anti-commutator of two original generators gives another original generator,
an original and a dual generator leads to a dual generator while two dual gen-
erators vanish under the algebra product. When we calculate the structure
constants of the Lie superalgebra which generates the correct Cartan form G ′
which leads to the field equations (2.12) in (3.2) we will see that they obey
such a general scheme indeed. We may use the proposed twisted self-duality
property of the dualized Cartan form primarily to write it only in terms of
the original fields because as it is clear from (3.3) the pseudo-involution sends
the original generators to the dual ones and the dual ones to the originals
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with a sign factor. Thus by using the formulas
deXe−X = dX +
1
2!
[X, dX ] +
1
3!
[X, [X, dX ]] + ....,
eXY e−X = Y + [X, Y ] +
1
2!
[X, [X, Y ]] + ....,
(3.4)
effectively and by applying the twisted-self duality condition ∗G ′ = SG ′, the
calculation of the Cartan form G ′ = dν ′ν ′−1 only in terms of the original
fields yields
G ′ =
1
2
dφiHi +
⇀
E′ Ω
⇀
dχ+
⇀
VeUeB
⇀
dA
+
1
2
(−1)D ∗ dφiH˜i + (−1)
De
1
2
αiφ
i
Ωαβ ∗ dχ
βE˜α
+ (−1)(m(D−m)+1)
⇀
V˜eUeB ∗
⇀
dA. (3.5)
We have defined the yet unknown structure constants as
[Hi, Vn] = θ
t
inVt , [Em, Vj] = β
l
mjVl. (3.6)
The matrices U and B in (3.5) are
(U)nv =
1
2
φiθniv , (B)
j
n = χ
mβjmn. (3.7)
We introduce the row vectors
⇀
V and
⇀
V˜ as (Vi) and (V˜j), respectively, the
column vector
⇀
dA is (dAi). We have also taken
[Vm, Vn} = 0. (3.8)
In (3.5) we have made use of the results of [15] in the calculation of the scalar
sector of the Cartan form G ′ = dν ′ν ′−1.
Now inserting the Cartan form (3.5) (which is written only in terms of
the original fields by primarily applying the twisted self-duality condition)
in the Cartan-Maurer identity (3.2) should result in the second-order field
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equations (2.12) [2, 15]. This main feature of the coset formulation enables
us to derive the commutation and the anti-commutation relations of the orig-
inal generators which are already encoded in (3.5) and the commutators and
the anti-commutators of the dual and the mixed (an original and a dual)
generators which arise in the calculation of (3.2) within the graded differen-
tial algebra structure of the differential forms and the generators. Thus a
straightforward calculation of (3.2) by inserting (3.5) and then the compar-
ison of the result with the second-order field equations (2.12) gives us the
desired structure constants of the commutators and the anti-commutators.
We have
[Hj, Eα] = αjEα , [Eα, Eβ] = Nα,βEα+β ,
[Hl, Vi] = (Hl)
k
i Vk , [Eα, Vi] = (Eα)
j
iVj,
[Hj, E˜α] = −αjE˜α , [Eα, E˜α] =
1
4
∑r
j=1
αjH˜j ,
[Eα, E˜β] = Nα,−βE˜γ , α− β = −γ, α 6= β,
[Hi, V˜k] = −(H
T
i )
l
kV˜l , [Eα, V˜k] = −(E
T
α )
l
kV˜l,
[Vl, V˜k} = (−1)
D−m 1
4
∑
i
(Hi)lk H˜i, (3.9)
where the indices of the Cartan generators and their duals are i, j, l = 1, ..., r
and α, β, γ ∈ ∆+nc. The matrices ((Eα)
j
i ,(Hl)
j
i ) above are the representa-
tives of the corresponding generators ((Eα),(Hl)). Also ((E
T
α )
j
i , (H
T
l )
j
i ) are
the matrix transpose of ((Eα)
j
i , (Hl)
j
i ). We should state once more that the
dimension of the matrices above namely the dimension of the fundamen-
tal representation of g0 is equal to the number of the coupling fields and
their corresponding generators since this is how we have defined and con-
structed the coupling of the matter fields Ak to the scalar coset G/K in the
Lagrangian (2.10). The remaining commutators or the anti-commutators of
the original and the dual generators which are not listed in (3.9) vanish in-
deed. We observe that as we have assumed before the Lie superalgebra we
11
have constructed in (3.9) has the general form
[O, D˜} ⊂ D˜ , [O,O} ⊂ O,
(3.10)
[D˜, D˜} = 0,
where O is the set of the original and D˜ is the set of the dual generators.
Now that we have determined the structure constants of the algebra gen-
erated by the original and the dual generators we can explicitly calculate the
Cartan form G ′ = dν ′ν ′−1in terms of both the original and the dual fields.
By using the identities in (3.4) also the structure constants given in (3.9)
effectively we have
G ′ =
1
2
dφiHi +
⇀
E′ Ω
⇀
dχ+
⇀
T˜eΓeΛ
⇀
S˜
+
⇀
V ν
⇀
dA+
⇀
V˜ (νT )−1
⇀
dA˜
+ (−1)m(D−m)
r∑
i=1
1
4
(Hi)klA
k ∧ dA˜lH˜i.
(3.11)
In addition to the definitions given in Section two we have introduced the
row vectors
⇀
V and
⇀
V˜ as (Vk) and (V˜l) respectively. The column vectors
⇀
dA
and
⇀
dA˜ are (F k) and (dA˜l). Besides we have the row vector of the duals
of the solvable Lie algebra generators of G as T˜i = H˜i for i = 1, ..., r and
T˜r+α = E˜α for α ∈ ∆
+
nc. The column vector
⇀
S˜ is defined as S˜i = 1
2
dφ˜i for
i = 1, ..., r and S˜r+α = dχ˜α for α ∈ ∆+nc. We have introduced the matrices Γ
and Λ as
Γkn =
1
2
φi g˜kin , Λ
k
n = χ
mf˜kmn. (3.12)
Here we have used the structure constants {g˜kin} and {f˜
k
mn} from their defi-
nitions in
[Eα, T˜m] = f˜
n
αmT˜n , [Hi, T˜m] = g˜
n
imT˜n. (3.13)
They can directly be read from (3.9). If one inserts (3.11) in the Cartan-
Maurer equation (3.2) one would obtain the second-order field equations and
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the Bianchi identities of the original fields in terms of the original and dual
fields which are the Lagrange multipliers [2, 18]. One can use the twisted self-
duality equation which (3.11) obeys and which gives the first-order equations
to eliminate the dual fields and then write the second-order field equations
solely in terms of the original fields namely one would reach (2.12). This is
analogous to what we have done in the derivation of the algebra structure.
We have obtained the second-order field equations in terms of the structure
constants of the algebra by inserting (3.5) in (3.2) and then we have compared
the result with (2.12) to read the structure constants. The second-order field
equations in terms of the structure constants that are mentioned above do
not contain the dual, Lagrange multiplier fields since we have used primarily
the twisted self-duality condition that relates the dual fields to the original
ones and we have written the Cartan form G ′ only in terms of the original
fields in (3.5).
Since we have obtained the explicit form of the Cartan form G ′ in (3.11)
we can use the twisted self-duality equation ∗G ′ = SG ′ to find the first-order
field equations of the lagrangian (2.10). The validity of the twisted self-
duality equation is justified in the way that we have primarily assumed that
G ′ obeys it when we derived the structure constants which are chosen such
that they give the correct Cartan form G ′ which leads to the second-order
field equations (2.12) in (3.2). Therefore directly from (3.11) the twisted
self-duality equation ∗G ′ = SG ′ yields
νkl ∗ dA
l = (−1)m(D−m)+1((νT )−1)kl dA˜
l,
e
1
2
αiφ
i
(Ω)α+rl ∗ dχ
l = (−1)D(eΓeΛ)α+rj S˜
j ,
1
2
∗ dφi = (−1)D(eΓeΛ)ijS˜
j + (−1)m(D−m)+D
1
4
(Hi)klA
k ∧ dA˜l. (3.14)
The exterior differentiation of (3.14) gives the second-order field equations
(2.12) indeed. We should remark once more that the roots in ∆+nc and the cor-
responding generators {Eα} are enumerated. We can also express equation
(3.14) in a more compact form as
M∗
⇀
dA = (−1)m(D−m)+1
⇀
dA˜,
13
∗
⇀
Ψ =
⇀
P+ (−1)D eΓeΛ
⇀
S˜ (3.15)
where we define the column vector
⇀
Ψ as
Ψi =
1
2
dφi for i = 1, ..., r,
Ψα+r = e
1
2
αiφ
i
Ωαl dχ
l for α ∈ ∆+nc.
(3.16)
Also the vector
⇀
P is
Pi = (−1)m(D−m)+D
1
4
(Hi)klA
k ∧ dA˜l for i = 1, ..., r,
Pα+r = 0 for α ∈ ∆+nc.
(3.17)
4 Conclusion
After a concise discussion of the symmetric space sigma model with its al-
gebraic background we have defined the coupling of m-form field strengths
to the scalar Lagrangian in section two. We have also obtained the field
equations following the outline of [16, 17]. In section three we have adopted
the dualisation method of [1, 2] to establish a coset formulation of the theory
and to explore the Lie superalgebra which leads to the first-order equations
of motion as a twisted self-duality condition. The validity of the twisted
self-duality property of the Cartan form is implicitly justified by our con-
struction of the algebra since beside using the second-order field equations
and the Cartan-Maurer equation we have also assumed that the Cartan form
obeys the twisted self-duality equation in expressing it only in terms of the
original fields during the derivation of the structure constants of the algebra.
As a result we have constructed a coset element by defining a Lie superal-
gebra structure and we have shown that both the first and the second-order
field equations can be directly obtained from the Cartan form of the coset
element.
This work can be considered as an extension of the results which are
obtained in [15]. The dualisaton of the G/K symmetric space sigma model is
performed in [15] when the global symmetry group is a non-split semi-simple
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real form. Here we have studied the dualisation of the non-split scalar coset
when it is coupled to other matter fields. We have constructed a framework
in which the dualisation analysis of [15] is improved to include the coupling
matter fields. As a result we have obtained a general scheme which can be
effectively used in the coset realizations of the whole set of matter coupled
supergravities.
The formulation given in this work assumes a general non-split scalar
coset G/K in D > 2 spacetime dimensions. The coupling potentials are
assumed to be (m − 1)-forms. As it is clear from the construction, the
results are general and they are applicable to a wide class of supergravity
theories which contain similar couplings. In [19] the bosonic sector of the
ten dimensional simple supergravity which is coupled to N Abelian gauge
multiplets is compactified on the Euclidean tori T 10−D and the resulting
theories in various dimensions have scalar cosets with couplings based on
global symmetry groups which are non-compact real forms of some semi-
simple Lie groups. Therefore the results presented here are applicable on
them.
One can improve the dualized coset formulation presented here by in-
cluding the gravity and the Chern-Simons terms as well. This would extend
the algebra structure obtained here. The group theoretical aspects of the
coset formulation and the symmetry properties of the first-order equations
which are not considered in this work also need to be examined. One can
also study the Kac-Moody symmetry scheme [3, 4, 5] of the matter coupled
scalar cosets.
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